CHUONG 5: MO HINH BAI TOAN POI NGAU VA CAC UNG
DUNG

M.Econ. Dang Thién Tam

PINH HUONG CHUONG V

Chuong V tip trung vao mé hinh bai toan ddi ngiu trong quy hoach tuyén tinh - mot céng cu
quan trong giup ngudi hoc hiéu sdu hon ban chit kinh té va quan tri ciia nghiém t6i wu. Néu bai
toan géc mo ta quyét dinh phan bo ngudn luc, san xuét, dau tu hoic phdi hop hoat dong dé dat
mot muc tiéu nhat dinh, thi bai toan d6i ngiu cho phép nhin cling van dé tir mot goc do khac: dinh
gi4 nguon lyc, do ludng gia tri bién cia cac rang budc va kiém tra tinh t6i uu ctia phuong an da
tim duoc.

Trong tim cua chuong khong chi 1a viét ding bai toan ddi ngau, ma con 1a hiéu vi sao mdi rang
budc ciia bai toan gdc tao ra mot bién ddi ngiu, vi sao mbi bién cia bai toan gdc tao ra mot rang
budc trong bai toan ddi ngiu, va vi sao gia trj tdi wu cta hai bai todn bang nhau khi ca hai déu co
nghiém t6i wu. Cach tiép can nay giup ngudi hoc chuyén tir tw duy “giai bai toan” sang tu duy
“dién giai két qua toi uu” trong bdi canh quan tri.

Sau khi hoan thanh chuong nay, ngudi hoc cin ¢ kha nang: 1ap bai toan d6i ngau tir bai toan
gbc ¢ cac dang Max/Min; nhan dién dau ctia bién ddi ngiu va chiéu cia rang budc dbi ngiu; van
dung dinh 1y d6i ngiu yéu, dinh 1y d6i ngdu manh va diéu kién d¢ léch bu; dong thoi dién giai
duoc ¥ nghia ctia bién d6i ngau nhu gia tri bong cta nguon lyuc trong cac quyét dinh san xuat, tai

chinh, marketing va van hanh.

Bdng 5.1. Tir khoa trong tam cua chuwong 5

Thuat ngir Y nghia trong chwong

Bai toan gdc (Primal) Mo hinh ban dau mé ta quyét dinh can t6i wu, thuong ky hiéu 1a
P.
Bai toan d6i ngau Mo hinh trong tng véi bai toan gdc, thuong ky hiéu 1a D, ding
(Dual) dé phan tich gia tri cia cac rang budc va kiém tra ti vu.
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Bién doi ngau Bién gan v6i moi rang bude cia bai todn goc; trong quan tri

thuong duoc hiéu 1a gia tri bong ctia ngudn luc hoac yéu cau.

Gia tri bong Muc thay doi bién cua gia tri myc ti€u toi uu khi vé phai cia mot

rang budc thay d6i mot don vi trong pham vi phu hop.

Do léch bu biéu kién lién ket gitra 6 du ciia mdt rang budc va gia tri cua

bién twong Umg trong bai toan dbi ngau.

Hinh 5.2. Quy trinh tw duy khi lgp va phan tich bai todn déi ngdu
Budéce Noi dung Y nghia
1 Nhén dién bai toan géc X4c dinh muc tiéu Max/Min, bién quyét dinh, rang

budc va diéu kién dau.

2 Lap bai toan doi ngau S6 bién cua D bang s6 rang budc cua P; s rang budc

cua D bang so bién cua P.

3 Chuyén vi ma tran hé sé Dung ma tran AT dé thiét 1ap hé s6 trong céac rang budc

cua bai toan doi ngau.

4 Kiém tra ddu va chiéu DAu cua bién ddi ngéu phu thudc vao loai rang budc
rang budc cua P; chiéu rang budc cua D phu thudc vao d4u cta bién
trong P.
5 Dién giai két qua quan tri Doc bién dbi ngiu nhu gié tri béng, nhan dién ngudn

luc khan hiém va kiém tra tinh t6i wu bang d6 1éch bu.

Ghi nhé mé dau

Trong quy hoach tuyén tinh, bai toan ddi ngiu khong phai 1a mot bai toan doc 1ap
tach roi bai toan géc. Hai bai toan tao thanh mdt cap phan anh cung mot hé quyét dinh
dudi hai goc nhin: bai toan gdc lwa chon phuong an hanh dong, con bai toan d6i ngiu

dinh gid cac diéu kién gidi han cua phuong an do.

Dan nhip

Sau khi tim hiéu cic ndi dung trude ddy, chung ta nhan thay rang cac doanh nghiép thudong xuyén
phai dua ra quyét dinh trong nhiéu linh vic khac nhau nhu san xuét, tai chinh, marketing, va quan 1y
ngudn nhan lyc. TAt ca cac quyét dinh nay déu co thé duogc giai quyét mot cach hiéu qua thong qua viéc
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xay dung mo hinh ra quyét dinh, sir dung cac cong cu dé tim ra phuong an tbi wu, ma nén tang cua cac
cong cu nay chinh 1a toan hoc. Tir d6, chung ta s& quan tdm dén cac bén lién quan dén doanh nghiép
cling nhu vai trd ctia doanh nghiép trong nhitng méi quan hé nay.

Nhu da biét, cac dbi tuong lién quan dén doanh nghiép bao gdm nha cung cip, khach hang, va dbi
tht canh tranh. Vai tro caa doanh nghiép c6 thé 1a ngudi ban, ngudi mua, hodc ciing c¢6 thé 1a d6i thu
canh tranh véi doanh nghiép khac. Vi cac ddi twrong va vai trd khac nhau, mé hinh ra quyét dinh c6 thé
s& thay doi, twong tng véi timg tinh hudng cy thé trong cing mot hé quy chiéu. Trong thé gidi toan hoc,
chung ta goi cac mdi quan hé nay la cac mé hinh bai toan déi ngau. Viéc hiéu rd mo hinh bai toan dbi
ngau 1a gi va cach van dung né nhu thé nao dé giup doanh nghiép dua ra quyét dinh trong thé gidi thuc
s& dugc trinh bay chi tiét trong chuong vé md hinh bai toan ddi ngiu va cac tmg dung ciia no.

Muc tiéu cua chuwong

Sau khi nghién ctru chuong ndy, chiing ta c6 thé:

- Hiéu duogc ban chit cua bai toan d6i ngau.
- Niam vitng duoc cac quy tic tong quat thiét 1ap bai toan dbi ngiu.
- Van dung thuat toan tim phuong an tdi wu cua bai toan dbi ngau.
- Hiéu duoc ¥ nghia cta bai toan ddi ngau dé co thé van dung duoc trong viée ra
quyét dinh t6t nhat trong cac tinh hudng tir thyc tién.
- Naéng cao duoc ky nang tinh toan trong qua trinh giai quyét bai toan d6i ngau.
5.1. Phat bicu bai to4n d6i ngiu
Hop 5.1 - Ban chét cia bai toan déi ngiu
Ban chat ctia bai toan ddi ngau 1a chuyén goc nhin tir “nén chon bao nhiéu bién
quyét dinh?” sang “cac ngudn luc hodc rang budc trong mé hinh dang gia bao nhiéu?”.
Vi vay, néu bai toan gdc 1a bai toan phan bo ngudn luc dé tdi da hoa loi nhuan, bai toan
d6i ngau thudng duoc hiéu 1a bai toan dinh gia tdi thiéu cac ngudn luc sao cho gié tri
ctia chiing da bu dap loi nhuan do cc san pham tao ra.
Vé mit toan hoc, ma tran rang budc ciia bai toan ddi ngau 1a ma tran chuyén vi cia
ma tran rang budc trong bai toan gdc. V& mit quan tri, diéu nay cho thdy mdi hé sb ky
thuat trong mo hinh déu c6 hai cach doc: mot cach doc theo san phém/hoat dong va

mot cach doc theo nguén luc/rang budc.
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Bdng 5.3. Cdach doc moi tuwong ing giita bai todn goc va bai todn doi ngau

5 Thanh phin twong ;
Thanh phan trong P Y nghia quan trij
ing trong D
Mot bién xj ctia P Mot rang budce thu j Mdi hoat dong trong bai toan gdc phai
cuaD dugc “dinh gia” hop 1y trong bai toan dbi
ngau.
Mot rang budc thir i cua Mot bién yi cua D Moi nguén luc, yéu cau hoic €101 han
P trong bai toan gdc c6 mdt gia tri bién
tuong ung.
Hé s6 muc tiéu cjcuaP Vé phai ctuia rang Loi ich hodc chi phi don vi ctua hoat
budc j trong D dong tré thanh chuan so sanh trong bai
toan ddi ngiu.
V& phai bi cia P Hé s6 muc tiéu cta Quy md ngudn lyc hodc yéu cau trd
yi trong D thanh trong sb trong tong gia tri d6i ngiu.

Twong Ung v6i mdi bai toan quy hoach tuyén tinh (BTQHTT) (con goi 1a bai toan gdc) c6 mot bai
toan ddi ngiu. Bai toan ddi ngdu cia BTQHTT ciing 1a mét BTQHTT. Nhu vy, bai toan gbc (BTG) va
bai toan ddi ngau (BTPN) cua né 1ap thanh mot cip BTQHTT, tinh chit cua bai toan nay co thé duoc
khao sat thong qua bai toan kia. Nhiéu quy trinh tinh toan hay phén tich duoc hoan thién khi xem xét
cdp bai toan trén trong modi lién quan chat ché ctia chiing, mang lai loi ich trong viée giai quyét cac van

dé phat sinh tir thyc té.
5.1.1. Bai toan d6i ngiu khong déi xirng

Cho bai toan gdc 13 bai toan min (Pmin) dang chinh tic:

(1) ijo ijl,l’l

Yax ,
@) = "= Vi=l,m (5.1)

3) f(x) = — min

Khi d6 bai toan d6i ngau (Dmax) dugc dinh nghia nhu sau:

()yityy Vi=Lm
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iai‘Yi :
@) = < Vi=ln (5.2)

B o= 5

Téng quat: Bai toan gbc c6 dang chinh tic thi cip bai toan gde (P) va bai toan d6i ngiu (D) duoc biéu
dién qua mot bang s6 goi 1a So' dd Tucker. Sau day 14 so d6 ctia bai toan (Pmin) va (Dmax) (So dd Tucker
clia cap bai toan thtr hai (Pmax) va (Dmin) Viét twong tu v6i chi ¥: thay goc Tay Nam cua so d6 déu < boi

dau >).

Bdng 5.4. So @6 Tucker

Gmin (tmax)
D Xt X - X =
max (min)
Y1 dyy dpn e Ay b,
Y2 dyy dx e dop b,
Yau Ay A 8n by
< f(x) — min (max)
(2) “ % % 6(y) - max (min)

Vi du 1: Viét bai toan dbi ngau?

(1) xj=0 Vi=1l4

(2) 2x1 + X2 — 2x3 t+ x4 = 10
X1 - x3 + 3x4 = 15
-X1 + 3x3 — 2x4 = 18

3) fx)= 3x1 — x2 - x3 + 2x4 — min

Dé viét dugc bai toan d6i ngau clia bai toan trén, ta lap bang d6i ngau theo so d6 Tucker nhu sau:
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Gpsin
D X X X3 Xy =
- 2 1 2 1 10
- 1 -1 3 15
- -1 0 3 2 18
g . . . . £(x) —> min
@(y) — max

Bai toan dbi ngiu (Dmax):

() yitiyy, 1513
(2) 2y1 T y2 gy asg
y1 < -1
2yt — y2 + 3y3 < -1
yi + 3y2 — 2y3 < 2
B) d(y) = 10y1 + 15y2 + 18y3s — max

5.1.2. Bai toan do6i ngiu doi xirng
5.1.2.1. Céch xdy dumng bai todn doi ngdu
Hop 5.2 - Quy tic doc nhanh khi thiét 1ap bai toan ddi ngiu
Khi 1ap bai toan ddi ngau, ngudi hoc nén thyc hién theo bdn bude: (1) xac dinh bai
toan gdc 1a Max hay Min; (2) x4c dinh s6 bién d6i ngiu bang s6 rang budc chinh cua
bai toan gdc; (3) chuyén ma tran hé s A thanh ma tran chuyén vi AT; (4) xac dinh dau
ctia bién ddi ngiu va chiéu ciia rang budc ddi ngiu dya trén loai rang budc va du cua
bién trong bai toan gdc.
Mot sai sot thudng gip 1a chi chuyén vi ma trin nhung quén kiém tra ddu cua bién
hoic loai rang budc. Trong bai todn dbi ngau, ddu ciia bién va chidu bat dang thirc
mang ¥ nghia rit quan trong vi chung quyét dinh mién nghiém kha thi cta bai toan ddi

ngau.

Bdng 5.5. Goi y kiém tra déu khi lgp bdi todn déi ngdu

Tinh hudng thuong gip Cach xir Iy khi 1ap déi ngiu
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P la Max, rang budc cua P dang Bién d6i ngau y > 0
<
P la Max, rang bugc cua P dang Bién d6i ngau y <0
>
P la Max, rang budc cua P dang Bién ddi ngau y tuy y
Bién xj ctia P c6 xj >0 Rang budc j ciia D thudng c6 chiéu > trong bai toan
Dmin
Bién xj cia P la tuy y Rang budc j ctia D 1a dau =

Luu y chuin héa thuit ngir

Trong mot s6 tai liéu, so dd dung dé 1ap bai toan ddi ngau duoc goi 1a so dd
Tucker/Tucker. Khi bién soan gido trinh, nén st dung thong nhat mot cach viét trong
toan chuong va giai thich rd day 1a bang hd trg chuyén doi gitra bai toan gdc va bai

toan doi ngau.

Goi bai toan quy hoach tuyén tinh ban dau 1 P va bai toan d6i ngau 1a D

Bai toan (D) dugc 1ap tir bai toan (P) theo nguyén tic sau:

S6 4n cuia bai toan (D) bang s6 rang budc chinh cua bai toan (P) va sb rang budc chinh cua bai toan
(D) bang s6 an cua bai toan (P).

Hé s cua 4n yi trong ham muc tiéu cta bai toan(D) la s6 hang ty do bi trong hé rang budc chinh cta
bai toan (P).

Céc hé sb clia cac 4n va hé sb tu do trong rang budc chinh thir j ctia bai toan (D) 1a cac hé s twong
g ctia 4n xj trong hé rang budc chinh va ham muyc tiéu cna bai toan (P).

Néu (P) 1a bai toan max thi (D) 14 bai toan min va hé rang budc chinh cia bai toan (D) 1a hé bat
phuong trinh véi ddu >. Néu (P) 1a bai toan min thi (D) 1a bai todn max va hé rang budc chinh cta bai
toan (D) 13 hé bét phuong trinh v6i ddu < .

Céc 4n cua bai toan (D) déu c6 diu tuy ¥.

Ma tran hé s6 cac rang budc chinh ctia D 14 ma trdn chuyén vi ciia ma tran A bai toan (P).

< Xét bai toan min:
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Cho bai toan quy hoach tuyén tinh c6 dang:

(1) Xj ZO ijl,n

@) 7 " b Vi=lm (5.3)
i C.X.
3)fx)= 7 ' — min
Dang chinh tic ctia bai toan a:
(1) x;>0 ijl,n+m
$ax -
@) 7 xmi=bi vi=lm (5.4)
SeX,
3)fx)= 7 ' = min
Bdng 5.6. So' do Tucker ciia Gmin, Pmax
Gmi.n
D RSTRR.S! Xn Epn X Zn+rm =
Y1 4;; an ap, -l 0 by
¥2 A1 Axp a, O - b,
Y Api A 3, 0 O -1 b,
= c;  C C, 0 0 0 f(x) — min
@(y) — max
Bai toan ddi ngiu (Dmax):
(yyiz0 Vi=lm
2= < vi=ln (5.5)
by,
(3) o(y) = = — max

Vay ta c6 cdp bai toan doi ngau sau:
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Bang 5.7. Cap bai todn doi ngau Pmin - Dmax

Bai toan goc Gmin

Bai toan doi ngau Pmax

An thu j:
>
xi| < |0
tuy ¥
Rang budc thir i:
>
i a;x; < | bi
=

Ham muc tiéu:

n
f(x) = 2¢;x;—> min
j=l

Rang budc thtr j:

IA

m
Z} a;Y; 2 Cj
=

An thir i:

\Y

IN
)

Vi

=
<
.

Ham muc tiéu:

o(y) = ibiYi — max

Vi du 1: ldp bai todn doi ngau (D) ciia bai toan OHTT sau:

(1) f(x) = 10x1 - 2x2 + 4x3+ 6X4 - 12X5— min
(2) 3x1 — x2+2x3 + 3x4 + 4x5 = 100 (y1)
X+ X2+ X3+ X4+Xs >-20 (y2)
* 3x1 -2x2-2x3t x4+ x5 >60 (y3)
Xt+ X2+x3 <12 (y4)

3)x1<0,x2,x3>0,x4 vaxstuyy
Giai:
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Ham muyc tiéu D 100y1- 20y2 + 60y3 + 12ys — max
Rang budc dau: yi: Tuy v, y2ys >0, y4<0

Xéc dinh ma tran h¢ so cac rang budc A ctua P

X1 X2 X3 X4
3 -1 2 3
1 1 1 1
3 -2 -2 -1
1 0 1 0

3 1 3
-1 1 -2
2 1 -2
3 1 -1
4 1 1
yi y2 y3

Nhu vay ra c6 thé thiét 13p céc rang budc cua bai toan D nhu sau:

Ayl +y2+3ys+ys > 10 c1<->x1<0
-y1 +y2-2y3 < -2 <->x2 >0
< 2y1 +y2-2y3+tysa < 4 c3<->x3 >0

3y1 +y2-y3 = 6 c4<->x4 tuyy

S by ty2 tys = -12 c5<->Xs5 tuy y

MAu chét 1a ¢j di kém véi xj trong bai toan ban diu (P)
Viy bai toan d6i ngiu (D) clia bai toan P
Ham muc tiéu D: 100y - 20y2 + 60y3 + 12y4 —  max

Cac rang bugc dau
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By1 +y2+3y3+ys > 10

-y1 +y2-2y3 < -2

2y1 +y2-2ys3t+ys < 4

3y1 +y2-y3 = 6
- 4y1 +y2 +y3 = -12

Rang budc dau:
yi: Tuyy,y2y3 > 0,ya<0

Xét bai toan max:

Cho bai todn quy hoach tuyén tinh ¢ dang:

(1) Xj >0 ijl,n

a.x. _
(2)1Zl Tz vi=1,8

B)fx) =+ - max

(5.6)

Phén tich twong tu ta c6 cdp bai toan d6i ngau sau:

Bdng 5.8. Cdp bai todn doi ngdu Pmax - Dmin

Bai toan goc Gmax

Bai toan doi ngau Duin

An thit j: Rang budc thtr j:
> >
xi| £ 1|0 iaijyi < |g
i=l1
tuy y =
Rang budc thtr i: An thir i:
> <
E%‘Xj < | bi yvi| = |0
= tuy y
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Ham muc ti€u:

n
f(x) = 2 ¢;x; —> max
j=1

Ham muc tiéu:

o(y) = gbiyi — min

Vi du: ldp bai toan ddi ngdu (D) ciia béi toan OHTT sau:

(1) f(x) = X1 - 3X2 - 4x3 + x4 + 5X5 + 4x¢—max
(2) 2x1 +x2-3x3+2x4 =60 (y1)
2- X3+ X4-X5 > 46 (y2)
-3x1 +2Xx2-X3-X4-4%x5+2x6 >-10 (y3)
3)x1<0,x2,x3,x6>0, x4 vaxstuyy
Gidi:
Ham muyc tiéu D 60y + 46y2 — 10y3 — min
Rang budc dau: yi: Tuy ¥, y2, y3 <0
Xac dinh ma trin hé sd céac rang budc A cua P
X1 X2 X3 X4 X5
2 1 -3 2 0
0 0 -1 0 -1
-3 2 -1 -1 -4

Viy ma tran chuyén vi cia Ma tran A (P) 1a:

2 0
1 0
-3 -1
2 0
0 -1
0 0
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yi y2 y3 cj

2y1 +0y2-3ys < 1 c1<->x1<0

yi1 +0y2 + 2y3 > -3 c2<->x2 >0
< 3y1 -y2-y3 > -4 c3<->x3 >0
2y1 +0y2-ys3 = 1 c4<->x4 tuyy
~ Oy1 -y2 -4y3 =35 cs<->Xs tuy y
2y3 > 4 c6<->x6 >0

Mau chét 1a ¢j di kém véi xj trong bai toan ban dau (P)
Vay bai toan d6i ngau (D) clia bai toan P
Ham muc tiéu D: ¢(y) = 60y1 + 46y2 — 10y3 — min

Cac rang bugc chinh:

2y1 -3y < 1 c1<->x1<0
y1 + 2y3 > -3 2<->x2 >0
J 3y1 -y2-y3 = -4 c3<->x3 >0
2y1 -y3 AN c4<->x4 tuyy
L -y2 -4y3 =35 c5<->Xs5 tuy y
2ys > 4 c6<->X6 >0

Rang bugc dau: yi: Tuy y, y2,y3 <0
5.1.2.2. Méi quan hé gitra bai todn P.va D
Ghi chii hoc thuit vé quan hé kha thi - t6i wu - khong bi chiin
Can phén biét ba trang thai: c6 phuong an kha thi, ¢6 phuong 4n t6i wu va ham muc
tiéu khong bi chan. Theo 1y thuyét d6i ngdu chuan: néu mot bai toan c6 nghiém tdi wu
hiru han thi bai toan dbi ngau ciing c6 nghiém t6i wu hiru han va hai gia tri t6i wu bang
nhau. Néu mot bai toan khong bi chan theo hudng t61 vu thi bai toan dbi ngﬁu cua nod
khong c6 phuong 4n kha thi. Nguoc lai, néu mot bai toan khong c6 phuong an kha thi
thi bai toan kia c6 thé khong c6 phuong 4n kha thi hodc c6 thé khong bi chin; khong

nén két luan may moc rang ca hai cung v6 nghi¢m trong moi truong hop.

M.Econ Dang Thien Tam 13



Céch dién giai quan tri: mot mo hinh khong c6 phuong an kha thi thuong cho thdy cac yéu cau dat
ra vuot qua kha nang nguén luc hodc co6 rang budc mau thuan. Mot mo hinh khong bi chin thuong cho
thdy mo hinh thiéu rang budc quan trong, chang han thiéu giéi han ngan sach, cong suét, nhu cau thi
truong hodc diéu kién van hanh.

(1) Moi bai toan quy hoach tuyén tinh ban dau (P) déu ton tai bai toan quy hoach

tuyén d6i ngau (D) tuong tng.

() Lay ddi ngau chin 1an ciia bai toan d6i ngiu thi s& duoc bai toan ban dau.
3) Néu bai toan P khong c6 phwong an thi bai toan D ciing khong c6 phuong an
4) Néu bai toan P khong c6 phuong 4n tdi wu thi bai toan D ciing khong ¢

phuong an t6i wu.
(5) Néu x° 1a phuong 4n tdi wu ctia bai toan P, y° 13 phwong an ti wu cua bai
toan D thi f(x°) = ¢(y)
5.2. Cac dinh 1y ciia cdp bai toan ddi ngiu

Hop 5.3 - Y nghia cia cac dinh 1y d6i ngiu

Dinh ly d6i ngiu yéu cho biét moi gi tri kha thi ciia bai toan d6i ngau ludn tao ra
mot can cho gia tri cia bai toan géc. Vi vay, ddi ngau co thé dugc dung dé kiém tra
xem mot phuwong an goc da gan ti uu hay chua.

Dinh 1y di ngau manh cho biét néu ca bai toan gbc va bai toan ddi ngau déu co
nghiém t6i wu thi gia tri tdi wu ctia hai bai toan bang nhau. Pay 14 co s¢ dé xac nhan
tinh t6i wu ma khong nhat thiét phai tiép tuc thir nghiém cac phuong 4n khac.

DPinh 1y d¢ 1éch bu cho biét mot nguén luc chi c6 gia tri bong duong khi n6 dugc str
dung hét tai nghiém t6i wu; nguoc lai, néu nguon luc con du thi gia tri bong ciia nd

bang 0. Pay 1a cau ndi quan trong giita thuit toan don hinh va phan tich quan tri.

Bdng 5.9. Tém tdt y nghia cdc dinh Iy d6i ngdu

Khai niém Noi dung cdt 16i Y nghia quan tri
Pbi ngau yéu f(x) > o(y) d6i voi cap Gitp tao can va kiém tra tinh hop
Gmin - Pmax 1y cta phuong an.
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D6i ngau manh Néu c6 nghiém t6i wu hiru Xéc nhan ti wu cua hai bai toan tir
han thi £* = ¢* hai géc nhin khéac nhau.

Do léch bu Bién ddi ngau va do du Giai thich nguon luc nao 13 nit
rang budc khong thé cing that va ngudn luc nao con du.
duong

Dinh Iy I: Hai cip phuong an bat ky x va y cila cdp bai toan ddi ngau twong ing (Gmin) va (Pmax) ta
ludn cé: f(x) > d(y).

Gidi thich. Dinh 1y d6i ngiu yéu khang dinh ring voi cip (Gmin, Pmax), gia tri myc tiéu ciia mot
phuong an kha thi bt ky cua bai toan gbc (dang tdi thiéu hoa) luon khong nho hon gia tri muc tiéu cia
mot phuong 4n kha thi bat ky cta bai toan ddi ngau (dang t6i da hoa). No6i cach khac, mdi phwong an
d6i ngau kha thi cho ta mot can dudi clia gia tri toi thiéu can tim, con mdi phuong an gdc kha thi cho
mot cin trén cua bai toan ddi ngdu. Hé qua thuc hanh: néu tim dugc hai phuong an kha thi x va y sao
cho f(x) = ¢(y) thi ca hai chic chin da ti wu, khong can thir thém phuong an nao khac.

Dinh Iy 2: Cac cip bai toan d6i ngau (G) va (D):

Gidi thich. Pinh 1y d6i ngdu manh khang dinh: khi mot trong hai bai toan c6 phwong an tdi wu hitu
han thi bai toan kia ciing c6, va hai gié tri tbi vu bang nhau (f* = ¢*); khoang cach dbi ngiu (duality gap)
bang 0 tai nghiém t6i wu. V& mat quan tri, didu nay nghia la tong loi nhuan t6i da ma phuwong 4n san xuét
dat duge diing bang tong gia tri quy gan tdi thiéu cia toan bo ngudn luc — tire ngudn lue duoc “dinh
gia” vira du dé giai thich toan bo loi nhudn tao ra. Phan thir hai cua dinh Iy xtr Iy trudong hop suy bién:
néu ham muc tiéu ciia mot bai toan khong bi chan thi bai toan con lai khong c6 phuong an kha thi nao.

— Néu mét trong hai bai todn c6 phuong 4n t6i wru thi bai toan kia ciing ¢6 phuong an t6i uu va khi d6
gié tri cyc tri (min, max) hai ham muc tiéu cia hai bai toan bang nhau: fmin (max) = Gmax (min).

— Néu ham muc tiéu ciia mot trong hai bai toan khong bi chan thi bai toan con lai s& khong cé phuong
an nao. Tuc la c4 hai bai toan cung vo nghiém.

0

0 0
X =(X,,X,5eees

0 /4 14 b
Dinh ly 3: Phuong an X,) la phuong 4n t6i vu cda bai todn goc (P) khi va chi khi ton

0 _ (.0 _0 0 B N )
tai mot phuong an Y ~ (Y15 Y25 Ym) ciia bai toan dbi ngau teong ung (D) sao cho f(x°) = ¢(y°) va khi
d6 ta cling c¢6 y° 1a phuong an toi uu cta bai toan d6i ngiu (D).

Gidi thich. Day 1a tiéu chuan t6i wu dua trén di ngiu: mot phuong an kha thi ctia bai toan gdc 1a t6i

uu khi va chi khi ton tai mot phuong 4n kha thi ciia bai toan d6i ngu c6 cung gia tri myc tiéu. Dinh 1y
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nay bién viéc “chimg minh di t6i wu” thanh viéc “chi ra mot chimng cir d6i ngau” twong tmg, thay vi phai
so sanh vo1 moi phuong an kha thi khac.
Binh Iy 4: Dinh 1y vé d6 léch bu:

0 _,.0 _0
X =(X,,X5 e

1 1 2 O Z . . r
biéu kién can va du dé X,) la phuong 4n té1 vu cua bai toan goc (Gmin) va

0 _ ;.0 _0 0 , , ~
Y =(¥1>¥25Ym) 13 phuong én 5i wu ciia bai toan déi ngiu (Dmax) 1a:

(iaﬁyo —CJJX? =0 Vj=ln

(bi —iaijxﬁjy? =0 Vi=l,m
= (5.7)

Churng minh:
Vi X)) =6 =

m

50, - Sapy +3 (a0

i j=1 \li=l

— i=l

= (5.7) théa man

H¢ qua:

Xét cap phuong an toi wu (x°, y°) cia cdp bai toan d6i ngau (Gmin, Pmax). Néu mot diéu kién rang budc
hay diéu kién vé dau duoc thoa man khong chit (khong xay ra du =) trong mot bai toan, thi diéu kién
tuong Ung trong bai toan kia phai dugc thoa man chit (xay ra diu =). Tinh chét nay con duoc goi 1a tinh
chét d6 1éch bu: Néu trong mot diéu kién xdy ra do 1éch duong thi trong diéu kién tuong ing do 1éch 1a

bang 0. Tirc 1a:

0 - 0 _
x; >0 thi z,aijyi =c,

\ (Vi Gin c6 hé (2) 12)
ax">b thiy’=0
jgl 1_|X] i Y1

(V&i Gin c6 hé (2) 12)

Yax; <b, thiy/ =0
=
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0 ., = o . . .=
y, >0 thi anr&i =b, (V&i Gy, o hé (2) Lgmjéauxj =b,)

| y? <0 thi ZlaJX:' =b,  (V6iGuncéhé (2)1a Tax, <b,)
F =1

= o s L0
Eauy.L <c, thi x; =0

=> Pinh 1y do 1éch bu yéu. Piéu kién can va du dé phuong an x° cua bai toan (P) va phuong an y°
clia bai toan (D) déu 1a phuong an tbi uu 1a trong cac cip rang budc ddi ngau ciia bai toan do6: Néu mot
rang budc thoa man phwong dan voi ddu bit d(;ng thire thuc sy thi rang bugc con lai phdi thoa man
phuwong dn véi diu bang.

Ung dung. Nho dinh 1y d¢ 1éch bu yéu, khi ta biét dugec mot phuong an t6i wu ctia mot trong hai bai
toan cta cip bai toan ddi ngiu thi ta c6 thé tim duoc tip phuong an tdi uu cta bai toan con lai. Ung dung
nay thudng dugc st dung trong viée giai quyét cac van dé cia bai toan QHTT.

Gidi thich. Diéu kién d6 1éch bu lién két timg cip “rang budc — bién” giita hai bai toan: tai nghiém
t6i wu, trong mdi cip khong thé dong thoi xay ra “rang budc long” va “bién duong”. Cu thé, néu mot
rang budc ngudn luc cua bai toan gbe con du (khong chit) thi bién ddi ngdu — tirc gia tri bong — tuong
g bang 0, nghia 14 ngudn luc con thira khong tao thém gia tri bién; nguoc lai, néu mot bién quyét dinh
clia bai toan gdc nhan gid tri duwong thi rang budc ddi ngau tuong tng phai xay ra ddu bang. Nho tinh
chat nay, khi da biét nghiém t5i wu ctia mot bai toan, ta ¢ thé suy ra nghiém cua bai toan kia (xem muyc

5.3) va dong thoi nhan dién ngay nguén luc nao dang khan hiém.

5.3. Xac dinh phwong 4n t6i wu ciia bai toan thong qua mt phwong 4n toi wu da biét trong
cip bai toan doi ngiu
Hop 5.4 - Quy trinh tim nghiém ddi ngiu bang dd léch bu
Khi d biét nghiém t5i wu cta bai toan gdc, co thé tim nghiém t6i wu ciia bai toan d6i
ngau theo quy trinh sau: (1) 1ap day du bai toan d6i ngiu; (2) xac dinh cac cip rang budc
d6i ngdu twong tng; (3) thay nghiém tdi wru ciia bai toan gbe vao cac rang budc cia bai
toan gdc; (4) rang budc nao khong chit thi bién d6i ngiu twong Gmg bang 0; (5) bién gbc
nao duong thi rang budc d6i ngau tuong tng phai xay ra diu bang; (6) giai hé phuong
trinh thu dugc dé tim céc bién d6i ngiu.
Quy trinh nguoc lai cling duoc sir dung khi da biét nghiém t6i wu cua bai toan dbi ngau

va muon suy ra nghi€ém to1 uu cua bai toan goc.
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Bdng 5.10. Cach doc diéu kién d¢ léch b

Dau hi¢u tai nghiém

Suy luin biang dd 1éch bu Y nghia quan tri

toi wu

Rang budc ngudn lyc Bién d6i ngau twong tmg Ngudn lyc chua ding hét khong

con du bﬁng 0 tao thém gia tri bién tai nghi¢m tdi
uu.
Rang budc ngudn luc Bién ddi ngiu c6 thé Ngudn luc c6 thé 1a nit that can
chat duong, am hodc tuy y tuy dugc phan tich thém.

dang bai toan

Bién quyét dinh xj > 0 Rang budc ddi ngau thi j Hoat dong dugc lua chon phai
xay ra dau bang ¢6 chi phi/gia tri d6i ngiu can

bang vdi h¢ so muc tiéu.

Bién quyét dinh xj =0 Rang budc ddi ngau thir j Hoat dong khong dugc lya chon
c6 thé khong chit ¢6 thé kém hap dan hon so vdi gia

tri nguon lyc can su dung.

5.3.1. Phwong 4an tdi wu bai toan d6i ngiu thong qua phuong an toi wu bai todn goc
Xét cap bai toan ddi ngau (Gmin, Pmax):

0 0

0 o 0 7 2
X =(X),%5500X,) cua bai toan goc (Gmin). DB€ tim duogc

Gia s ta dd tim duoc phuong an ti wu

e 0:(0 0 0) T L8 = PN A 1ae
phuong an t6i vu Y Yi> Y20 Ym) ciia bai toan d6i ngéu (Pmax) ma khong gidi truc tiép tir bai toan
nay, ta co thé théng qua phuong an ti wu cta bai toan gdc dé giai quyét, bang cach ap dung hé qua dinh
ly vé d6 1éch bu:

0 L 0 _
x; >0 thi Eauyi =c,

ax!>b thiy’ =0
; i i yl

(Vi Gain ¢6 hé (2) 12)

Ya,x; <b; thiy/ =0
i=l

5.3.1.1. Truong hop badi todn goc la Max

(1) f(x) = 2x1 + 4x2 +6x3 + 6X4 —max
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(2) 2x1+x2+x3+2x4 <40
1+2x2+3x3 +4x4 =36

2x1 +x2+2x3+x4 >32

(3)xj=20(G=1.234)

1. Giai bai toan trén va tim phuong an to61 uu cua bai toan ban dau
2. Hay lap bai toan doi ngau cua bai toan trén va giai bai toan doi ngau do.
Giai:

1. Giai bai toan trén bang phuong phap don hinh
a. Pua bai toan vé dang chuan:
f(x)= 2x1 +4x2 +6x3 +6X4 -Mx7 -Mx3— max
2x1 +x2 +x3 +2x4+ x5 = 40
X1 +2x2 +3x3 +4x4 + x7 =36
2x1 +X2 +2X3 +X4 — X6 +X8 =32
xj >0 (j=1,8)

Giai bai toan mé rong bang phuong phap don hinh

Hé
: ) X1 X2 X3 X4 X5 X6
s 4n An Phuo N
co co ban ng an ) 4 6 6 0 0
ban
0 X5 40 2 1 1 2 1 0 40/1
36/3
M X7 36 1 2 3) 4 0 0 )
-M X8 32 2 1 2 1 0 -1 32/2
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3M - -5M - A >
3M -2 -5M-6 M
4 6* 0
140/
0 X5 28 5/3 1/3 0 2/3 0 ;
6 X3 12 1/3 2/3 1 4/3 0 36/3
32/3
-M X8 8 (4/3) -1/3 0 -5/3 1 .
-4/3M* 1/3M 6 M
+2 0
5/
0 X5 18 0 3/4 0 11/4 A
1/
6 X3 10 0 3/4 1 7/4 A
2 xi 6 1 -1/4 0 -5/4 i
3/4
Aj =
72 0 0 0 2 0
0
PATU: x = (6, 0, 10, 0), f(x) = 72.
2. Bai toan ddi ngiu
a, Thiét 1ap bai toan dbi ngiu
Bai toan gbc (P) Bai toan dbi ngau (D)
Truong hop bai toan goc 1a Max D ¢(y) =40y:1 + 36y2+ 32y3 [ min
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(1) f(x) =
2)

€)

2x1 + 4x2 +6X3 + 6X4 —max

2x1 + X2+ X3+ 2x4 <40

X1+ 2x2 + 3x3 +4x4 =36

2X1 + X2+ 2x3+ X4

>32

(2)

y1+2y2+y3

2y1 +y2+2ys > 2

> 4

y1+3y2+2ys > 6

2y1 +4y2+ys > 6

Xj20(=1234)

yi=20 y2Tuy y,y3< 0

b, Tim céac cdp rang budc doi ngau

1 2x1 +x2+x3+2x4 <40 y1=0
2 x2+ 2x2 + 3x3 + 4x4 =36 y2Tuy ¥ Bo vi mang dau
bang
3 2x1 + X2+ 2x3t+xa4a =32 y3< 0
4 x1>0 2y1+y2+2ys > 2
5 x2>0 yi+2y2+tys > 4
6 x3>0 y1+3y2+2ys > 6
7 x42>0 2y1 t4y2+y3 > 6
Nhu vay, ta c6 6 cap rang bude dau
1 2x1 +x2+x3+2x4 <40 y1=0
2 2x1 + X2+  2x3+x4 =32 y3< 0
3 x1>0 2y1+y2+2ys > 2
4 x2>0 yi+t2y2+y3 > 4
5 x3>0 y1+3y2+2ys =6
6 x42>0 2y1 +4y2+tys > 6

Tim hé phuong trinh tdi wu y1, y2, y3 ta sit dung dinh Iy do 1éch bu : trong mét cip rang budc ma
mot cai nhan du bat dang thirc thi ci con lai nhan du bang.

Ta c6 PATU: x = (6, 0, 10, 0) = x = (X1, X2, X3, X4) , thay vao cac cap rang budc ddi ngiu ta co

1 2*6+ 0+ 10+2%0 = 22 <40 y1=0
2 2*%6 + 0+ 2*10+0 = 32 y3< 0 bd
=32
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3 x1>20 x1=6>0 2y1 +y2+2y3 = 2
4 x2>0 x2=0 yit+2y:+ys > 4 bo
5 x3>0 x3=10 yi1+3y2+2ys =6
6 x4>0 x4=0 2y1 +4y2+y3 > 6 bo

Vay ta c6 hé phuong trinh

2y1 +y2+2y3 = 2 y2+2ys = 2 y2= 2
y1+3y2+2ys =6 <= { 3y2+2y3 =6 {ys 0
y1=0 y1 =0 y1=0

Nhu vay phuong an ti wu ctia bai todn D y = (0, 2, 0) GTTU = ¢(y) = 72
5.3.1.2. Truong hop bai toan Min
Cho bai todn quy hoach tuyén tinh sau:
f(x)= 12x1 +6x2 +4x3 -6X4 — min
X1+X2+X3 -2x4 = 16
-x1+x4 < 30
2x2 +x3 —2x4 = 36
xj=>0(G=1,2,3,4)
a. Giai bai todn trén
b. Lap bai toan ddi ngéu ctia bai toan trén va giai bai toan ddi ngau do.
Giai
a. Pura bai todn vé dang chudn
f(x)= 12x1 +6x2 +4x3 -6X4 + MX6 + MX7— min

X1 +X2 +X3 -2X4 +x6 = 16

-X1 +x4 +x5 =30

2x2 +x3—2%4 +X7 =36
xj>0(G=1,23,4,5,6,7)

Giai bai toan mé rong bang phuwong phap don hinh
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Hé¢
* X1 X2 X3 X4 X5
s0 4n An Phuo N
co cobian | ngan 12 6 4 6 0
ban
M X6 16 1 1) 1 -2 0 16/1%*
0 X5 30 -1 0 0 1 1
M X7 36 0 2 1 -2 0 36/2
3M- -
M-12 2M-4 0 Ai<0
6* 4M+6
6 X2 16 1 1 1 -2 0
0 X5 30 -1 0 0 1 1 30/1
M X7 4 -2 0 -1 (2) 0 4/2%
2M —
2M -6 0 -M+2 o 0 A <0
6 X2 20 -1 1 0 0 0
0 X5 28 0 0 1/2 0 1
-6 X4 2 -1 0 -1/2 1 0
108 -12 0 -1 0 0 A <0
PATU: x = (0, 20, 0, 2), f(x) = 108.
b. Bai toan dbi ngiu: Thiét 1ap bai toan d6i ngau
Bai toan Goc (P) Bai toan ddi ngau (D)
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f(x)= 12x1 +6x2 + 4X3 - 6X4 — min

X1 tX2 +X3-2x4 =16

-X1+tx4 < 30

2X2 +x3 —2%4 = 36

xj>0(j=1,234)

Nghich

\ 4 Thuéan

(D) ¢(y) = 16y1 +30y2+ 36y3 — max

yi+2y3 < 6
yitys <4

(2) y1+-y2 <12

2y1 +y2-2y3 < -6

h yi,y3:Tuyy,y2<0

Tim cac cap rang budc doi ngau

1 X1 +x2 +x3 - 2x4 =16 y1 :tuyy Bo vi mang dau
bang

2 x1+ x4 <30 y2<0

3 2x2 + X3 —2x4 =36 y3:tuy y Bé vi mang du
bang

4 x1 >0 yi+-y2 <12

5 x2>0 yit+2y3 < 6

6 x3>0 yitys <4

7 x42>0 -2y1 +y2-2y3 < -6

Nhu vay, ta co 5 cdp rang budc ddu

1 x1+ x4 <30 y2<0

2 x1>0 yi+-y2 <12

3 x2>0 yi+2y3 < 6

4 x3>0 yitys <4

5 x4>0 2y1 +y2-2y3 < -6

M.Econ Dang Thien Tam
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Tim h¢ phuong trinh tdi wu y1, y2, y3 ta st dung dinh 1y d6 Iéch bu : trong mét cap rang budc ma mot

cai nhan dau bat dang thuc thi cai con lai nhan dau bang.

Ta c6 PATU: x = (0, 20, 0, 2), x = (x1, X2, X3, X4) , thay vao cac cip rang budc d6i ngau ta co

1 0+2<30 y2=0

2 x120,x1=0=0 yit+-y2 <12 Bo
3 x2>0=20>0 yi+2y3 = 6

4 x3>20x3>20,x3=0=0 yitys <4 Bo
5 x4>0=2>0 -2y1 +y2-2y3 =-6

ta c6 hé phuong trinh t6i wu sau:

y2=0 y2=0
yi+2y3 = 6 y3=3
-2y1 +y2-2y3 =-6 y1=0

Nhu vdy phuwong 4n toi wu ciia bai toan D y = (0, 0, 3) GTTU = ¢(y) = 108

5.3.2. Phwong an tdi wu bai toan goc thong qua phwong an tdi wu bai doi ngiu

Xét cap bai toan dbi ngau (Gmin, Pmax):

B 0o _ 0 0 0 . Z. N 2.
Gia st ta da tim duoc phuong 4n téi vuY = (Y15 Y255 Yim) cua bai toan doi ngau (Pmax). D€ tim

duoc phuong an téi wu

x’=(x),x5,...,x°) . A i3i & i
1>%2> %/ ciia bai toan goc (Gmin) ma khong gidi truc ti€p tir bai toan

nay, ta co thé théng qua phuong an ti wu cua bai toan d6i ngiu dé giai quyét, bang cach ap dung hé qua

dinh 1y vé d¢ léch bu:

-

e,

y. >0 thi Sa
j=l

v <0 thi Ta
|

ij*+i

X =b, (V6iGuncohe(2)1a Tax >b,)
jml

X =D, (V6i G co hé (2) 12 Tax, <b))
j=1

m 1] - 1]
Eauyl <ec thi x; =0

5.4. Y nghia ing dung ciia bai toan déi ngiu

Xét bai toan goc nhu sau:
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()xi>0 Vi=Lln
3xi1 + 4x2 + 2x3 < 60
2x1 + x2 + 2x3 < 40
X1 + 3x2 + 2x3 < 80

3) f(x) = 2x1 + 4x2 + 3x3 — max

Can tim céc gia tri caa cac bién quyét dinh x1, x2, x3 dé cc rang budc dugc thoa man va ham muc
tiéu dat gia tri 10n nhat.

Bai toan nay c6 y nghia kinh té nhu sau: Gia stir mot xi nghiép san xuét ba loai san pham I, II va IIL
Pé san xuat ra mot don vi san pham I can c6 3 don vi nguyén liéu loai A, 2 don vi nguyén liéu loai B
va 1 don vi nguyén li¢u loai C. Céc chi tiéu d6 cho mdt don vi san phém loai Il la 4, 1 va 3. Con cho don
vi san pham loai 11T 14 2, 2 va 2. Luong nguyén liéu dy trit loai A va B hién c6 1a 60, 40 va 80 (don vi).
Hay xé4c dinh phuong 4n san xuat dat loi nhudn 16n nhét, biét loi nhuan / don vi san pham ban ra 1a 2, 4
va 3 (don vi tién t&) cho cac san pham loai I, IT va IIL.

Gia str c6 mot khach hang mubn mua lai cac don vi nguyén li€u loai A, B va C. Bai toan datrala can
dinh gia cac don vi nguyén liéu. RS rang rang gia cac nguyén liéu duoc quy dinh béi gia tri ciia san pham
ma ching tao nén. Néu cac san pham nay mang lai loi nhuan 16n trén thi trudng thi gia wéc dinh cua cac
nguyén li€u nay phai cao, con néu trai lai thi gid udc dinh cua chung la thép. Mat khac, lgi nhuén cua
cac san phém thu dugc trén thi truong lai phu thudc vao nhiéu yéu t6 nhu: gia cd cac san phém duoc ban

trén thi truong (da duoc thi truong chép nhan), luong du trir nguyén li€u hién co, hé sb chi phi san xuét

Nhu vay, gid udc dinh cia cac nguyén li¢u A, B va C phu thudc vao:
- Hé sb ham muc tiéu ctia bai toan goc.
- Ma tran rang budc cac hé¢ s6 chi phi san Xuét.
- Hé sb duy trit cac loai nguyén liéu.

Tuy nhién, mbi phu thudc d6 khong dé dang xac dinh dugc. Dé giai quyét van dé nay hoan toan c6
thé dua vao viéc phan tich bai toan ddi ngau. Goi yi1 1a gia wéc dinh mot don vi nguyén lidu loai A, y2 1a
gia udc dinh mdt don vi nguyén li¢u loai B, con y3 1a gid udc dinh mdt don vi nguyén li¢u loai C (y1, y2,
y3 > 0).

Chung ta hiy di xét bai toan ddi ngau:

(1) Y120 Vi =1,m
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2 3y + 2y2 + yz > 2
4yt + y2 + 3yz > 4
2y1 + 2y2 + 2y3 > 3

3) d(y)= 60yr + 40y2 + 80ys — min

Thaét vay, ¢(y) = 60y1 + 40y2+ 80ys chinh 1a téng chi phi phai bo ra néu nguoi khach hang mubén mua
60 don vi nguyén liéu loai A, 40 don vi nguyén liéu loai B va 80 don vi nguyén liéu loai C. Tt nhién
ngudi khach hang mudn tong chi phi bo ra cang bé cang tbt.

Xét rang budc thir nhat. V& trai 1a 3y1 + 2y2 + y3 chinh 14 s6 tién khach hang phai bo ra dé mua 3 don
vinguyén liéu loai A, 2 don vi nguyén li€u loai B va 1 don vi nguyén li¢u loai C. Pay la sb nguyén li€u
can thiét dé san xuat ra mot don vi san pham loai I. R rang rang, ngudi khach hang khong thé mua duoc
s6 nguyén liéu nay thap hon lgi nhuan ma mot don vi san pham loai A mang lai khi duoc ban ra trén thi
truong (2 don vi tién t&). Diéu nay dan dén rang budc thir nhat 3y + 2y> + y3 > 2. Tuong tu ching ta co
thé 1ap luan dugc ¥ nghia kinh té ctia rang budc thir hai ciing nhu rang budc thir ba cta bai toan dbi ngau.

Pé thiy r6 y nghia quan tri, ta giai tron ven cip bai toan trén. Giai bai toan gdc bang phuong phap
don hinh thu dugc phuong 4n san xudt tdi wu x* = (0; 20/3; 50/3) véi loi nhuan 16n nhat f* = 230/3 =
76,67 (don vi tién t&): doanh nghiép khong san xuat san pham loai I, san xuat 20/3 don vi san phdm loai
11 va 50/3 don vi san pham loai II1. Tai phwong an ndy, nguyén liéu A duoc dung hét 60 don vi va nguyén
liéu B dugc dung hét 40 don vi, trong khi nguyén liéu C chi dung 160/3 = 53,33 don vi, van con du so
v61 muce du trir 80 don vi.

Phuong 4n t6i wu cua bai toan dbi ngdu — chinh 13 hé gia wéc dinh (gia bong) cua ba loai nguyén liéu
— la y* = (5/6; 2/3; 0). Theo dinh 1y d6i ngiu manh, tong gia tri quy gan cua toan bd ngudn luc bang
dung loi nhuan téi da: ¢(y*) = 60-(5/6) + 40-(2/3) + 80-0 = 230/3 = f*. Y nghia quan tri: thém mot don
vi nguyén li€u A lam lgi nhuan tdi wu tang thém khoang 5/6 don vi tién t¢, thém mot don vi nguyén li¢u
B 1am ting khoang 2/3 don vi tién t&. Vi nguyén liéu C con du tai nghiém ti vu nén gia bong cta nd
béng 0—dayla biéu hién truc tiép cua diéu kién d6 1éch bu: nguén lyc chua dung hét khong tao thém
gia tri bién. Do do, néu mubn mé rong nang lyc san xuét, doanh nghi¢p nén uu tién dau tu cho hai nat
thit A va B, va chi nén tra thém t6i da 5/6 (voi A) hodc 2/3 (véi B) don vi tién té cho mdi don vi nguyén

lidu bd sung.

5.5. M6 rong Iy thuyét va y nghia quan tri ciia bai toan ddi ngiu

Trong quan tri, bai toan d6i ngiu dic biét hitu ich vi n6 gitp nha quan 1y tra 10i cau hoi: “Mot don vi
ngudn luc bd sung dang giad bao nhiéu?” Céu tra 10i ndy dugc phan anh qua bién dbi ngiu, thuong duoc
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goi 12 gia tri bong. Néu gié tri bong ctia mot ngudn lyc bang 0, viée ting thém ngudn luc d6 trong pham
vi hién tai s€ khong lam cai thién gia tri muc tiéu. Néu gia tri bong duong trong bai toan tdi da hoa loi
nhuéan, nguén luc d6 dang khan hiém va viéc bd sung thém co thé 1am tang loi nhuan tbi wu trong mot
khoang bién dong cho phép.

Vi dy, trong mé hinh san xuét, cac rang budc thuong 13 nguyén vat lidu, gid lao dong, gio may hoic
ngan sach. Bién d6i ngiu twong tmg cho biét mirc sin sang tra toi da cho mot don vi bd sung ciia timg
ngudn lyc. Nho d6, doanh nghiép co thé ra quyét dinh mua thém nguyén liéu, thué thém lao dong, ting
ca, thué ngoai hodc dau tur thém cong suit dua trén gia tri kinh té bién thay vi chi dua vao cam tinh.

Trong md hinh chi phi t6i thiéu, cac rang budc thuong 1a yéu cau t6i thiéu vé dinh dudng, chit luong,
mirc phyuc vu hodc tiéu chuan k¥ thuat. Khi d6 bién ddi ngau c6 thé dugc hiéu 1a chi phi bién cua viée
nang cao mot yéu cau. Néu yéu cau vé protein trong bai toan phdi trén thyc pham ting thém, bién ddi
ngau tuong g cho biét chi phi tbi thiéu c6 thé ting bao nhiéu trong pham vi phan tich phu hop.

Mot diém can nhan manh khi van dung gia tri bong 1a tinh hiéu luc c6 diéu kién cia nd. Gia tri bong
clia mot rang budc chi giit nguyén trong mot khoang thay d6i nhat dinh cta vé phai b; — goi la khoang
hiéu luc (pham vi nhay cam) cta rang budc d6. Khi vé phai thay doi vuot ra ngoai khoang nay, co cdu
nghiém t4i wu thay d6i (mot bién co ban rdi khoi co sd) va gia tri bong s& nhan mot mirc méi. Do do,
két luan “mdi don vi ngudn luc bd sung lam thay doi gia tri muc tiéu dung bang gia tri bong” chi ding
trong pham vi cho phép; nha quan tri khong nén ngoai suy tuyén tinh v6 han. Pay ciing 1a 1y do phan
tich di ngéu ludn di kém phan tich d6 nhay: d6i ngau cho biét gia tri bién ciia ngudn luc, con phan tich
d6 nhay cho biét khoang ma gia tri bién d6 con hiéu lyc.

Y nghia quan tri c6t 16

Bai toan gdc cho biét nén 1am gi va 1am bao nhiéu. Bai toan d6i ngau cho biét vi sao
phuong an d6 13 hop 1y, ngudn Iyc nao dang quyét dinh két qua, va to chirc nén tra toi
da bao nhiéu dé néi long mot rang budc. Vi vy, d6i ngau 1a nén tang ciia phan tich

nhay cam, phan tich gia tri nguon lyc va danh gia chién lugce van hanh.

Bang 5.5a. Ung dung quan tri ciia bién d6i ngiu

Rang bugc thwong gap Cach doc bién déi ngiu
Séan xuat Gid may, lao dong, nguyén Xéc dinh ngudn lyc nat that va muc loi
vit liéu nhuan tang thém néu bd sung nguén luc.
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Marketing Ngan sach, sb luot quang Pénh gia gia tri cua viéc tang ngan
c4o toi da/tdi thiéu sach hoic thay dbi giéi han truyén thong.

Tai chinh Vén, ty 1& rii ro, yéu cau Dinh gia gidi han von va chi phi co hoi
thanh khoan cua cac rang budc an toan.

Chudi cung Nang luc kho, ndng luc van Xac dinh diém nghén trong mang luéi

ung chuyén, nhu cau diém dén va uu tién dau tu mé rong.

Phéi tron Yéu cau chat lugng, dinh Do chi phi bién khi nang tiéu chuan

dudng, k¥ thuat chét lugng hoac murc phuc vu.

5.6. Checklist kiém tra khi 1ap bai toan d6i ngiu

Bdng 5.19. Checklist kiém tra khi lp bai todn doi ngdu

Noi dung kiém tra ‘ Céau héi can tra 1oi ‘

Xéc dinh bai toan gbc ba xac dinh rd P 1a Max hay Min chua?

Pém sb bién ddi ngdu S6 bién y co bang s6 rang budc chinh ciia P khong?

Pém s6 rang budc ddi ngau S6 rang budc chinh ctia D ¢6 bang s6 bién x cia P khong?

Chuyén vi ma tran Céc hé s6 cia D da lay ding theo AT chwa?

Dau cia bién y Dau cua y da phu hop véi déu rang budc ctia P chwa?

Chiéu rang budc D Chiéu bat dang thirc trong D da phu hop véi dau bién x cua
P chua?

Ham muc tiéu D Hé s6 muc tiéu ctia D c6 dung la cac vé phai bi cua P
khong?

Kiém tra kinh té Bién d6i ngau c6 dién giai dugc nhu gia tri ngudn lyc hoic
chi phi bién khong?

TOM TAT VA GHI NHO CHUONG 5
« MGi bai toan quy hoach tuyén tinh déu c6 mot bai toan ddi ngau twong tng; hai bai toan phan
anh ciing mot van dé dudi hai goc nhin khac nhau.
« Sb bién cua bai toan d6i ngiu bang sb rang budc chinh cia bai toan gdc; s rang budc chinh
ctia bai toan ddi ngiu bang sb bién ctia bai toan gdc.

* Ma tran h¢ sO cta bai toan doi ngau 1a ma tran chuyén vi cua ma tran h¢ so trong bai toan goc.
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« Dinh ly d6i ngau manh khang dinh rang néu hai bai toan c6 nghiém tdi wru hitu han thi gia tri
t61 wu cua chiing bang nhau.

« Piéu kién d6 1éch bu giup tim nghiém cia bai toan con lai khi di biét nghiém tdi wru ciia mot
bai toan, dong thoi giai thich ngudn lyc nao 1a khan hiém hodc con dur.

« Trong quan tri, bién di ngau thuong duoc dién giai 1a gia tri bong, tic 1a gia tri kinh té bién
cua mot rang budc hoac mot nguén luc.

BAI TAP VAN DUNG BO SUNG

Bai tip bo sung 1. Mot doanh nghiép san xuit hai san pham A va B. Mdi san phim A dem lai loi
nhuan 30, can 2 gio may va 1 kg nguyén liéu. Mbi san pham B dem lai lgi nhuan 45, can 3 gio may va
2 kg nguyén liéu. Doanh nghiép c¢6 120 gio may va 80 kg nguyén liéu. Hay lap bai toan gbc, viét bai
toan d6i ngau va dién giai ¥ nghia cua ting bién d6i ngiu.

Bai tip bd sung 2. Mot cong ty phéi tron thirc an mudn tbi thiéu hoa chi phi nhung phai dam bao it
nhit 100 don vi protein va 60 don vi vitamin. Hay tu thiét ké ba loai nguyén liéu voi chi phi va ham
lwong dinh dudng khac nhau, sau d6 1ap bai toan goc, bai toan ddi ngau va giai thich y nghia ctia gia tri
bong dbi véi timg yéu cau dinh dudng.

Bai tap bd sung 3. Tir mdt nghiém tdi wu da biét cua bai toan géc, hay st dung diéu kién d@o 1éch bu
dé tim nghiém tdi wu cta bai toan ddi ngau. Sau d6 kiém tra lai bang cach so sanh gia tri ham muc tiéu
cua hai bai toan.

Bai tap bd sung 4. Hay chon mot tinh hudng thuc té trong doanh nghiép ¢6 thé mo hinh hoéa bang quy
hoach tuyén tinh. Trinh bay bai toan gdc, bai toan d6i ngau va phén tich xem bién ddi ngau nao co y
nghia quan tri quan trong nhat.

BAI TAP CHUONG 5

Cau 1:

Xét BTQHTT f(x) = 2x1 + 5x2 + 8x3 — max, v6i cac diéu kién rang budc

6x1 + 8x2 + 4x3 <96

2x1+ x2+ 2x3 < 40

5x1+ 3x2+ 2x3 < 60

x1,x2,x3> 0.

a. Giai bai toan trén bang phuong phap don hinh?

b. Hay viét bai toan dbi ngdu va tim phuong an t6i wu ciia nd?
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c. Hay phat biéu y nghia kinh té ctia cip bai toan d6i ngau?
Cau 2:
Xét BTQHTT
f(x) = —2x1 — 6X2+ 5X3 — X4 — 4x5 — max, voi cac diéu kién rang budc
X1— 4x2+ 2x3 — 5x4+9xs =3
x2— 3x3 + 4x4a—5x5 =6
x2— x3+ xa— x5 =1
X1, X2, X3, X4, X5 > 0.
a. Viét bai toan dbi ngiu?
b. Ap dung ly thuyét d6i ngau, hiy chimg minh rang x* = (0, 0, 16, 31, 14) 13 phuong an t6i wu cua
BTQHTT da cho?
Cau 3:

f(x) =x1 + x2 + X3 + X4 + X5 — min, v6i cac di€u kién rang budc

3x1+ 2x2+ X3 =1
5x1+ X2+ x3 + x4 =3
2X1+ 5x2 + X3 +x5=4

X1, X2, X3, X4, X5 > 0.

a. Viét bai toan d6i ngiu?

b. Cho biét bai toan gbc co phwong an toi wu la x* = (0, 1/2, 0, 5/2, 3/2). Hay tim phuong 4n t6i wu
ctia bai toan dbi ngiu?

Cau 4:

f(x) = 2x1 + 5x2 — min, v6i cac diéu kién rang budc

6x1+ 8x2>96

2x1+ x22>40

x1,x2>0

a. Viét bai toan d6i ngiu va tim phuong an tdi wu cta bai toan dbi ngiu bang phuong phap don hinh?

b. Tim phuong 4n téi wu cta bai toan gdc thong qua phuong an t6i wu cla bai toan dbi ngau?

Cau s:

f(x)= 12x1 +5x2 +8x3 +8x4 O max
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4x; +2x2 +5x3 +4xa < 3500

6x1 +2x2 +7x3 + X4 < 5000
2x1  t+x2 1t9x3 +3xa < 2700
XI +x2 +x3 +x4 > 100

Xj Z 0’ VJ = 1,4
a. Lién hé mot tinh huéng dé c6 duoc mo hinh toan & trén?
b. Viét bai toan dbi ngau cho bai toan & trén?
Céu 6: Giai bai toan sau ddy bang phwong phap don hinh? Viét bai toan dbi ngiu va tim phuong an
t61 wu cua bai toan ddi ngau?
f(x) = 3x1 + 4x2 + 2x3 + X4 + 5X5 — min, v6i cac dicu kién rang budc
X1— 2Xx2— X3 + x4 + x5 <3
—X1— X2— X3 + x4 + x5 <=2
X1+ X2 —2x3 +2x4-3x5 < 4
X1, X2, X3, X4, X5 > 0.
Ciu 7:Bai toan quy hoach tuyén tinh dang tong quat sau:

f(x) = —2x1 + 4x2 — X3 + 8x4 — 2X5 — max

6x1 —4x2 — x3+ 8x4 > 110
—X1 —X2 —2x3— 4x4 + 3X5 = 120
2x1 +2x2 + 3x4 +4x6 > 90

3x2 +x3—7x4 —8x5+ 2x6=< 220
x1 <0; x2>0; x3, X4 tuy ¥; X5, X6 < 0.
a. Viét bai toan dbi ngiu cho bai toan quy hoach tuyén tinh ¢ trén?
b. Chuyén bai toan ddi ngu da thiét 1ap duoc ¢ cau a vé dang chinh tic sao cho tit ca cac bién sd
déu khong am?
Cau 8:
Cho bai toan quy hoach tuyén tinh:

f(x) = 4x1 + 2x2 — 3x3 + 5x4— max
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2x1—x2 + x3+2x4 > 50
3x1 — x3+2x4 < 80
X1+ x2 + x4 = 60
X1, X2, X3, X4 > 0.
a. Giai bai toan bang phuong phap don hinh?
b. Viét bai toan d6i ngau? Tim phuong 4n t6i uu clia bai toan ddi ngiu thong qua phwong an tdi uu
ctia bai toan gbc di tim dugc & cau a?
Cau 9:
Cho bai toan quy hoach tuyén tinh:

f(x) = 4x1 + 5x2 + 3x3 — min

4x1 + 2x3 > 20
X2— x35 —8
X1 — 2x2 = —4

2x1 + x2 + x3 < 12
X1, X2, X3 > 0.
a. Giai bai toan bang phuong phap don hinh? Nhén xét phuong an tbi wu?

b. Viét bai toan dbi ngau cta bai toan da cho?
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Cau 10:
Cho bai todn quy hoach tuyén tinh:

f(x) = 2x1 + 3x2 - 2x3 + 2x4 + X5 — min

31+ 3x2+ x3+ x4 =15
1+ X2+ 2X3 +x5=12
31+ 2x2— 3x3 +2x4 = 18

X1, X2, X3, X4, X5 > 0.

a. Giai bai toan bang phuong phap don hinh?

b. Viét bai toan di ngau? Tim phuong an tdi wu cua bai toan d6i ngiu théng qua phwong an tdi wu
clia bai toan gbc di tim duoc & cau a? Nhan xét phuong an t6i wu?

Cau 11:

Cong ty thuc pham X di da sir dung ba loai thanh phan A, B, C dé sy kho mot loai banh. Ba thanh
phan nay cung cip lugng protein va vitamin khac nhau. Biét rang 1 thanh phan A cung cap 12 don vi
protein va 7 don vi vitamin cho 1kg banh, 1 thanh phan B cung cap 16 don vi protein va 3 don vi vitamin
cho 1kg banh, 1 thanh phan C cung cdp 14 don vi protein va 4 don vi vitamin cho 1kg banh. Chi phi
thanh phan A, B, C (tinh trén 1 thanh phan) lan luot 1a 15000d; 18000d; 16000d. Cong ty mudn 1 kg
banh phai chira it nhat 120 don vi protein va 50 don vi vitamin. Hon nita 1 kg banh phai c6 it nhat 70
don vi protein tir 2 thanh phan A va C. Cong ty dang xem xét dé tinh toan trong viée sy dung sb luong
cac thanh phan A, B, C dé san xuat 1kg banh sao cho ti thiéu héa chi phi.

a. Lap mo hinh bang phuong phap bang tinh v6i gia dinh ring mdi bién sd ra quyét dinh c6 gia tri 1a
3? Nhan xét phuong an da cho?

b. Lap mé hinh dai s6 cho tinh hudng trén? Viét bai toan d6i ngau?

PHAN BAI GIAI MAU
Bai gidi miu 1:
Mot cong ty san xuét 6 chung loai san pham (SP) véi dinh mirc sir dung chi tiét nguyén vat liéu va

lwong ton kho nguyén vat liéu hién c6 nhu sau:

Pinh muc nguyén vat li¢u

Nguyén vat licu S S S S S S Tén kho

P1 P2 P3 P4 P5 P6
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NVLA 3 2 0 0 1 3 1000

NVLB 0 4 2 1 3 2 1200
NVLC 2 2 4 3 0 0 600
Lo¢i nhuin don vi 2 3 3 2 5 1

$ $ $ $ $ $

Cong ty du dinh ring mirc san xuit tdi da d6i vi SP4, SP5, SP6 lan luot 1a 150, 200, 100 san pham.
Hon nita dé dam bao tinh 6n dinh trong san xut nén téng sb luong san xuat cua hai chung loai SP4, SP6
t6i thiéu phai dam bao 1a 200 san pham, tong sd luong san xuét cia hai chung loai SP5, SP6 tdi thiéu 1a
220 san pham.

a. Lap mo hinh bang phuong phap dai s6?

b. Viét bai toan dbi ngau cho bai toan duoc thiét 1ap tir cau a?

Bai gidi:
a.
f(x)= 2x1 +3x2 +3x3 +2x4 +5x5 +Xx6 => max
3xi +2x2 +x5 + 3Xe6 < 1000
4x2 +2x3  +x4 +3x5 +2X6 <1200
2x1 +2x2 +4x3 +3x4 < 600
X4 < 150
X5 < 200
X6 < 100
X4 + X6 > 200
X5 - T X6 > 220

X1; X2; X3; X4;X5;X6 > 0
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b.
o(y)=1000y1 + 1200y2+ 600y3+ 150y4 + 200ys+ 100y6+200y7+220ys => min

0,5
3y +2y3 =22
2y1 +4y2 +2y3 >3
< 2y2 +4y3 >3
y2 +3y3  +ya +y7 >2
yi +3y2 +vys +ys =5
3y1 +2y2 +ys +yr +tys  >1

yl,y2,vy3,v4,y5,y6 >0,y7,y8 <0

Bai gidi mau 2:

f(x= 8x1 +5x2 +8x3 +8x4 =>  max
5x1 +2x2 +5x3 +2x4 < 5000

3x1 +4x2 +6x3 +3x4 < 6500

2x1 +2x2 +3x3 +4x4 < 3300

X1 +tX2 +Xx3 +Xx4 > 1000

xj > 0, Vi=14
a. Lién hé mot tinh hudng dé c6 duoc mo hinh toan & trén?
b. Viét bai toan dbi ngau cho bai toan da cho?

¢. Chtrng minh phuong an y*=(1; 0; 3/2; 0) 1a phuong 4n ti uu cia bai toan dbi ngiu cua bai toan da
cho?

Bai gidi:

a. Bai toan tinh hudng trong san xut: 4 san pham, 3 nguyén vat liéu.

b.

d(y)=5000y1 + 6500y2+ 3300ys+ 1000y4 => min

Syi1 +3y2 +2y3 +y4 > 8
2y1 +4y2 +2y3  +ya > 5
Syi +6y2 +3y; +ys4 > 8
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v
0

2y1 +3y2 +4y3 +ya
y1,y2,y3>0,y4<0
c. X =(1675/2; 0; 0; 1625/4) va fmax = ¢min = 9950

Bai giai méu 3:

Cong ty thuc phém X da da st dung 3 thanh ph?m A, B, C dé séy khé mot loai banh. Ba thanh phﬁn
nay cung cap luong protein va vitamin khac nhau. Biét rang 1 thanh phan A cung cap 12 don vi protein
va 7 don vi vitamin cho 1kg banh, 1 thanh phan B cung cip 16 don vi protein va 3 don vi vitamin cho
1kg banh, 1 thanh phan C cung cap 14 don vi protein va 4 don vi vitamin cho 1kg banh. Chi phi thanh
phan A, B, C (tinh trén 1 thanh phan) lan luot 1a 15000d; 18000d; 16000d. Cong ty mudn 1 kg banh phai
chira it nhét 120 don vi protein va 50 don vi vitamin. Hon nita 1 kg banh phai c6 it nhat 70 don vi protein
tir 2 thanh phan A va C. Cong ty dang xem xét dé tinh toan trong viée su dung sb lugng cac thanh phan
A, B, C cho viéc san xuét banh sao cho tdi thiéu hoa chi phi.

a. Lap mo hinh bang phuong phap bang tinh v6i gia dinh rang mdi bién sb ra quyét dinh c6 gia trj 1a
3? Nhan xét phuong an da cho?

b. Lap mo hinh dai s6 cho tinh hudng trén? Viét bai toan dbi ngu?

Bai giai:
a.
Thanh phin A B C
S$6 hrong 3 3 3| TONG
Chi phi/l thanh phin 15 18 16 147
TIEU CHI CAC YEU TO RANG BUOC TONG GIOI HAN| C. LECH
Protein 12 16 14 126|>= 120 -6
Vitamin 7 3 4 42|>= 50 8
Protein (A+C) 1 0 1 78|== 70 -8
b.

M5 hinh dai sb c6:

f(x)= 15x1+18x2+16x3 — min

Ba diéu kién rang budc (trong d6 RB3: 12x1 + 14x3 > 70)
Bai toan ddi ngau:

o(y) = 120y1+50y2+70y3 — max 0,5

Ba di€u kién rang budc tuong tng c6 dau rang budc la <
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Bai giai miu 4:
Cho bai toan LP nhu sau:
f(x)= S5x1 -3x2 +2x3 +2x4 +7xs +3Xe
2X1 -2x2 +4x3  +x4 -4xs
4x -x2  -4x3 - 2X5
5x1 -2x2  +Xx3 - 3%s + X6
X1, X2, X3, X4, X5, X6 >0

a. Giai bai toan bang phuong phap don hinh?

b. Hiy viét bai toan d6i ngau cho bai toan d6 va tim phuong an t6i wu cta bai toan ddi ngau thong

qua dinh 1y vé do léch bu?
Bai giai:
a.

Chuyén bai toan vé dang chinh tic
Chuyén bai toan vé dang chuén tic

. 5 3 2 2 7 3 M
Heso | ACB | PA x1 2 3 x4 x5 X6 X7

2 ” 9 2 2 4 1 4 o 0

M <7 8 4 1 4 0 2 0 1

3 X6 6 5 2 1 0 3 1 0
f(x0)= 8M + 36| 4M + 14| M -7 AM + 9 0| -2M-24 o o

2 ” 33/5 0 6/5 18/5 1 14/5 25 o

M <7 16/5 0 3/5 24/5 0 2/5 4/5 1

5 x1 6/5 1 205 15 0 305 5] o
fx/0)= 16/5M + 96/5 0[3/5M -7/5| -24/5M + 31/5 0[2/5M -78/5| -4/5M -14/5| 0

2 x4 13 0 0 -6 1 2 2

3 <2 16/3 0 1 8 0 273 473

5 <1 1073 1 0 3 0 13 13
fx//0)= 80/3 0 0 5 0 4473 -14/3

o(y)= 9y1 +8y2 +6y3 1 max

2y1 +4y2 +5y3 <5
2yt -y2 -2y3 <-3
4y -4y2 +y3 <2
y1 <2
-4y -2y2 -3y3 <7
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yLy2,y3 tuyy

y3

Theo h¢ qué cua dinh 1y vé d6 léch bu:

x1=10/3>0 — 2yi+ 4yt S5y3=5

x2=16/3>0— -2yi

x4=13>0—

vy =(2;7/3;-5/3)

Bai giai mau 5:

f(x)=

2X1
3x1
-X1

4x1

Xj

+4x2

+x2 +5x3

>

y1 =2

+ X3

- 3x3

+ 2X3

0, Vi

-y2-2y3=-3

-3x4 +3xs

+ 4x4

-3x4 t+Xs

+ 2X4

=15

12

IN

a. Giai bai toan bang phuong phap don hinh?

b.Viét bai toan d6i ngau? Tim phuong 4n toi wu ctia bai toan doi ngdu bang cach str dung hé qua cua

dinh 1y vé do léch bu?
Bai giai:
. 2 4 1 -3 3 0
Heso | ACB [ PA x1 2 X3 x4 x5 X6
4 x2 3 3 1 5 4 0 0
3 x5 7 -1 0 -3 -3 1 0
0 x6 12 4 0 2 2 0 1
f(x0)= 33 7 0 10 10 0 0
-3 x4 3/4 3/4 1/4 5/4 1 0 0
3 x5 37/4 5/4 3/4 3/4 0 1 0
0 x6 21/2 52 -1/2 -1/2 0 0 1
f(x/0)= 51/2 -1/2 -5/2 -5/2 0 0 0

b. Bai toan d6i ngau c¢6 y1,y2 tiy ¥; y3<0

-y1=3/2;y2=3;y3=0
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